We analyse f (R) theories of gravity from a dynamical system perspective, showing how the R 2 correction in Starobinsky's model plays a crucial role from the viewpoint of the inflationary paradigm. Then, we propose a modification of Starobinsky's model by adding an exponential term in the f (R) Lagrangian. We show how this modification could allow to test the robustness of the model by means of the predictions on the scalar spectral index n s .
Introduction
Inflation is a primordial phase of accelerated, quasi-exponential expansion of the universe required in order to solve the flatness and horizon problems, which plague standard Friedmannian cosmology. In most of the models, inflation is driven by a self-interacting scalar field φ, known as inflaton, whose origin should be related to fundamental theories. See e.g. Ref. [1] .
The condition for which inflation is triggered is called slow roll and it is parametrised by two slow-roll parameters defined as follows:
where M P l is the Planck mass, V (φ) is the potential term, and the prime denotes derivative with respect to φ. When ǫ, η ≪ 1 then the conditionφ 2 ≪ V is attained, i.e. the scalar field kinetic term is much smaller than the potential one. Therefore, the scalar field energy density is dominated by V (φ), which is almost constant, providing thus the accelerated, quasi-exponential expansion required.
Cosmological observables such as the spectral index of scalar and tensor perturbations are directly related to the slow-roll parameters:
The recent cosmological observational data restrict considerably the viable inflationary models [3, 4, 5, 6] . One of the strongest candidate to describe the inflationary scenario is the Starobinsky model [7, 8, 9] . In its original form, it is based on a non-linear Lagrangian inspired from quantum effects and it can be viewed as an f (R) model with f = R + αR 2 , i.e. a quadratic correction to the Einstein-Hilbert term. Here we analyse the Starobinsky model from a dynamical system perspective and propose a generalisation that may lead to new interesting features.
2 Inflation from f (R) theories and Starobinsky's model
We start showing why the R 2 correction of the Starobinsky model is somewhat special. Consider a generic f (R) theory [11] :
and assume a flat FLRW metric:
One can easily cast the evolution equation for f (R) gravity as a dynamical system formed by the following equations:
where H ≡ȧ/a, the dot denoting derivation with respect to the cosmic time and the prime denoting derivation with respect to R. Here, we assumed f ′′ and H different from zero.
For a review of the techniques for the analysis of a dynamical system, see Ref. [12] . Looking for the critical points of the above autonomous system, i.e. setting to zero both the above equations and solving them simultaneously, one obtains the following ordinary differential equation for f :
which has the solution
where α is an integration constant. Here it appears the quadratic term R 2 as a special case of f (R) theories for which the original dynamical system can be written as:
We can now study the nature of the critical points. Linearising the dynamical system about a critical point R 0 = 12H 2 0 , we obtain:
The secular equation for the above system matrix is λ(λ + 3H 0 ) = 0. Therefore, one eigenvalue is vanishing and the other is negative (for H 0 > 0, which is the region of our interest). This means that the critical points are attractors. The phase diagram is displayed in figure 1a . Physically, in this model Inflation can happen at any energy and this of course is not satisfactory because we want it to take place only at primordial times.
Here it comes Starobinsky's model [7, 8, 9] , defined by f (R) = R + αR 2 . The linear, Einstein-Hilbert term R breaks the parabola of critical points of the R 2 theory, leaving just a repulsive one at infinity, which represents the inflationary phase, and a critical point at finite distance. We show the latter explicitly. The dynamical system for this case becomes:
in which α can be arranged as follows:
in order for the dimensionless quantities αR, αH 2 and t/ √ α to appear. Looking for critical points at finite distance from the origin in the phase-space (H, R), we putḢ = 0, obtaining thus R = 12H
2 implying:
Therefore, we conclude that R = 0 = H, i.e. Minkowski space, is a critical point. As anticipated, there is also a critical point at infinity, whose nature can be studied by using suitable a Poincaré's sphere transformation. This point at infinity represents a de Sitter repeller and thus provides a transient phase of Inflation at high-energy scales, i.e. for αR ≫ 1. The phase diagram for Starobinsky's model is displayed in figure 1b.
An exponential extension of the Starobinsky model
Since Starobinsky's model is very successful, it is interesting to investigate small deviations from it in order to test its robustness. What we learned from the dynamical system analysis of the previous section is that f (R) should be quadratic only for large values of R. Therefore, we propose the following model:
i.e. an exponential correction of Starobinsky's model. For αR ≫ 1 our model reproduces the successful inflationary paradigm of Starobinsky's model and when αR ≪ 1, the above function f (R) can be approximated as
The dynamical system becomes: Looking for critical points, we get the same ones as in Starobinsky's model at infinity, representing inflation, and other new ones at the finite region given by the following transcendental equation:
For αR ≪ 1, the above equation can be solved approximately as:
The phase diagram for this extended Starobinsky model is displayed in figure 1c . Let us inspect better such exponential extension of the Starobinsky model. A given f (R) theory can be mapped into a scalar-tensor theory in the Jordan frame. Then, upon the conformal transformationĝ µν = κφg µν , we can write the action in the Einstein frame as follows:
where
For the exponential model (13), the above defined quantities take the following form:
Finding an explicit form V (φ) for the potential in terms of elementary functions seems not possible. Formally, using the Lambert W function (or product logarithm), we can write:
The more intriguing feature of the potential of our exponential model, compared with the Starobinsky's model's one, is the presence of a minimum for a non-vanishing The number of e-foldings is defined as:
where χ f is the scalar field at which inflation ends. Usually, that is determined by the condition ǫ U (χ f ) = 1. The observables quantities are given by eq.(2) and the the tensor-to-scalar power ratio r = −8n t . The Planck collaboration put the following constraints on these quantities [4, 5] :
the former being at 68% CL and the latter at 95% CL. We can verify from figure 2c that the predictions for the the extended Starobinsky model are very near the original model, what assures a good agreement with the observational test. However, it is important to investigate the production of gravitational waves in such extended model, in order to verify if it can increase the possible values of the parameter r with respect to the predictions of the original model.
Discussion and conclusions
Starobinsky's model of inflation is very successful and fits very well the observational data. One of the characteristic of such model is the very low production of gravitational waves, since the parameter r, measuring the ratio between the tensorial and scalar contribution to the anisotropy of the cosmic microwave background radiation is very small. A possible future detection of primordial gravitational waves may imply the falsification of Starobinsky's model.
We have studied an extension of the Starobinsky model by adding an exponential term in the Lagrangian such that the correct behaviour of the original model is preserved, in particular the presence of critical points at the infinity region of the phase diagram. New features appear, essentially related to the appearance of new critical points at the finite region, representing a second de Sitter phase, which can be an attractive critical point. This creates the possibility to have a primordial inflationary phase, followed by "normal" phases in the evolution of the universe, and ending in a new inflationary phase (present stage of accelerated expansion?).
The observational predictions of the extended Starobinsky model seem to fit observations. But, a detailed study of gravitational wave production in this new model is necessary and constitute an important constraint for it.
